
\
PERGAMON International Journal of Solids and Structures 25 "0888# 1980Ð1097

9919Ð6572:88:, ! see front matter Þ 0888 Elsevier Science Ltd[ All rights reserved
PII ] S 9 9 1 9 Ð 6 5 7 2 " 8 7 # 9 9 9 6 2 Ð 9

Material symmetries of micropolar continua equivalent to
lattices

P[ Trovalusci�\ R[ Masiani$
Dipartimento di Ingegneria Strutturale e Geotecnica\ Universita� di Roma {{La Sapienza||\ Via A[ Gramsci 42\

99086 Roma\ Italy

Received 5 March 0886 ^ in revised form 16 February 0887

Abstract

Some aspects concerning the identi_cation of continuum coarse models from _ne discrete models are
discussed[ The preservation of the mechanical power\ in the transition from the microscopic to the macro!
scopic description\ is required[ A procedure based on the equivalence of the virtual power provides a natural
way to select the continuum satisfying this requirement[ Having the advantages of an integral procedure\ it
gives good results if the coarse model is a multi_eld continuum with strain _elds compatible with those of
the _ne model[ In this situation both models share the same material symmetry group[ This is shown with
reference to rigid particle systems[ In particular\ the symmetry group of the discrete material is de_ned and
its transformation into that of an equivalent micropolar continuum is studied in detail[ Numerical analyses
are also performed to investigate the e}ect of change in the material symmetries[ Þ 0888 Elsevier Science
Ltd[ All rights reserved[

0[ Introduction

According to the terminology adopted by Muncaster "0872#\ we call {_ne| description a model
which provides detailed information about the actual behaviour of a medium[ When not all the
information provided is essential\ it could be convenient to adopt a {coarse| description retaining
only the information su.cient to a global description of the behavior of the material[ Techniques
focused on the derivation of continuum coarse descriptions from di}erent kinds of _ne models
have been receiving much attention and have been a}ording pro_table results[ Not only in
mechanics of solids with microheterogeneities "Weng et al[\ 0889 ^ Nemat!Nasser and Hori\ 0882#
but also\ although from di}erent points of view\ in mechanics of structures when one or two!
dimensional models are derived from the more detailed three!dimensional Cauchy model "e[g[
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Ciarlet and Destuynder\ 0868 ^ Lembo and Podio!Guidugli\ 0880#[ However\ for the former class
of problems the transition from the microscale to the macroscale is often problematical because the
generally adopted classical continuum cannot be able to account for the complex phenomenology of
the original model[ In particular it is known that the classical theory fails whenever problems with
high stress gradients will be treated[

To overcome the inadequacies of classical coarse models several improvements have been
made within the framework of higher order gradient continuum theories "e[g[ Bardenhagen and
Triantafyllidis\ 0883 ^ Mu�hlhaus\ 0884 and the bibliography therein#\ or within the framework of
the micropolar theory "Mu�hlhaus\ 0884 ^ Besdo\ 0874 ^ Chang and Ma\ 0881 ^ Mu�hlhaus\ 0882 ^
Dai et al[\ 0889 ^ Dawson and Cundall\ 0885#[ The adoption of a continuum with microstructure0

is an e}ective alternative way to retain memory of the _ne organization of the material always
resorting to the advantages of the macroscopic description[ Some recent papers show how to
obtain a macroscopic characterization of a _ne model by equating the virtual power of its internal
actions and the virtual stress power of a suitable coarse model\ like a continuum with a _ne
microstructure "Di Carlo et al[\ 0889 ^ Masiani et al[\ 0884 ^ Di Carlo and Nardinocchi\ 0884 ^
Mariano and Trovalusci\ 0887#[1 This integral method of equivalence has a speci_c mechanical
meaning and does not require\ as the asymptotic homogenization techniques\ any limit process[
Although the question of the methods of identi_cation of equivalent continua is a prominent one\
it is also important to decide what type of macroscopic model is to be adopted[ In particular we
have to decide if a multi_eld continuum is convenient and which is the right microstructure[ We
think that the equivalent continuum should at least preserve the mechanical power of the original
_ne model[ The integral procedure mentioned above provides a natural way to select the continuum
model which satis_es this requirement[ This procedure departs from the molecular theory "e[g[
Ericksen\ 0866# which deals with the continuum modelling of lattice systems following a kinematical
approach[ The crucial step of the method lies in establishing a correspondence between the _ne
and the coarse kinematical descriptors ] the deformations of the _ne and the coarse models must
be compatible in such a way that all the terms of the mechanical power can be uniquely identi_ed
and explicitly constitutive functions for the continuum contact actions can be obtained[ In other
words\ since the degrees of freedom of the two models must correspond\ once de_ned the defor!
mations in the original _ne model\ a continuum with the proper kinematical descriptors must be
selected[

As a suitable consequence of the power equivalence\ the two models belong to the same class of
material symmetry[ When the continuum has not the required microstructure\ the identi_cation of
the overall material properties cannot be done unless to add internal constraints[ In this case\
the equivalent continuum does not generally preserve the material symmetries of the original
unconstrained medium[

0 As continuum with microstructure we mean\ according to Capriz "0878#\ a body whose deformation is described by
more independent _eld variables[ We also termed such a continuum multi_eld continuum extending the de_nition to
continua with any additional strain _eld\ like higher order gradients\ which gives rise to more stress _elds than the
classical one[ On the other hand\ it is noticed that microstructured continua with particular internal constraints behave
as materials of grade N "Capriz\ 0874#[

1 If the internal structure is a.ne\ the material point can be subjected to any homogeneous deformations independent
from the macroscopic classical deformation "Capriz\ 0878 ^ Grioli\ 0889#[
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Fig[ 0[ Discrete model ] kinematical "left# and dynamical "right# descriptors[

We exemplify the above using discrete systems made of rigid particles connected by elastic
springs[ In particular we show that the equivalent continuum must have a rigid local structure ^
thus the symmetry transformations in the transition from the _ne to the coarse description are
retained[ This result shows its practical relevance if\ for example\ we consider the block system
adopted in "Masiani and Trovalusci\ 0885# to model brick masonry!like media[ In fact is well
known that the response of a blocky material\ as well as the response of any other composite
material made of a matrix and of a set of inclusions with prominent shape and size\ is strongly
dependent on the disposition of the blocks[ Since the variation of the texture of the blocks implies
a change in the classi_cation of the body in terms of material symmetries\ it is important to
maintain the symmetric transformations of the actual discontinuous material in the coarse model[
In the last part of this paper\ the e}ect of change in material symmetries on the response of the
discrete material and of the equivalent micropolar continuum is examined on a sample problem
with the aid of some numerical analyses ^ the results are compared with those of the corresponding
classical continuum[

1[ The rigid particle system

Although the current meaning of _ne description is wider\ we focused our attention on models
represented by a periodic lattice of rigid particles interacting two by two through contact points
or surfaces[ Examples of such models are brick masonry "Masiani et al[\ 0884# and jointed rocks
"Dai et al[\ 0889 ^ Dawson and Cundall\ 0885#[

We adapt the discussion below within the framework of a static linear theory where the com!
ponents of velocity and angular velocity stand respectively for those of displacement and rotation\
while the stress power stands for the internal work[ For simplicity the calculations are performed
for two!dimensional problems\ although there are no theoretical limits to extend the results to the
three!dimensional frame[

Choosing an orthonormal base "ei# "i � 0\ 2#\ we consider two!dimensional systems belonging
to the plane de_ned by "e0\ e1# "Fig[ 0#[ The kinematical descriptors are two ] the velocity vector
wa of the center A of a particle A and the angular velocity of the particle va[ As strain measures
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we assume for each couple of particles\ A and B\ the mutual displacement wp between two material
points Pa and Pb\ both located at P in the reference shape\ and the mutual rotation vp between
the two particles

wp � wb−wa¦e2×ðvb"P−B#−va"P−A#Ł\

vp � "vb−va# "0#

As response functions for the contact actions\ the forces tp � tap � −tbp and the couples
mp � ma

p � −mb
p "Fig[ 0#\ we consider respectively the linear elastic relations tp � Kpwp and

mp � kpvp[ The principle of material objectivity demands a restriction on the form of the consti!
tutive functions so that the image of tp under a change of frame is Q"Kpwp#\ where Q is an
orthogonal tensor[

Chosen a {module| M*large enough to be a representative part of the discrete system and also
su.ciently small to use the localization theorem*the power of the internal actions in M has the
formula

p"wp# � s
p

"Kpwp = wp¦kpv
1
p # "1#

where the sum on p applies to all the contacts of the module[
As in molecular theory\ we select the admissible velocities of the module assuming\ in the

neighbourhood of a position X\ represented by the Euclidean region occupied by M\ the a.ne
representation

wa � w"X#¦grad w"X#"A−X#

va � v"X#¦grad v"X# ="A−X# "2#

Thus according to Ericksen "0866#\ being the macroscopic model to be constructed a continuum
model accounting for short range interactions\ it su.ces to consider homogeneous deformations[2

Therefore\ the strain measures "0# can be expressed in terms of the smooth _elds3

U"X# � grad w"X#−v"X#e0 g e1 and u"X# � grad v"X#

wp � U"X#"B−A#¦e2×ð"P−B# &"B−X#−"P−A# &"A−X#Łu"X#

vp � u"X# ="B−A#[ "3#

Taking into account eqns "3#\ the virtual power of the contact actions in M becomes4

2 As in Bardenhagen and Triantafyllidis "0883#\ using Taylor series expansion up to the order N\ a continuum model
of grade N accounting for long range interactions can be constructed[

3 The skewsymmetric tensor ve0 g e1 � ve0 & e1−e1 & e0 is the tensor corresponding to the axial vector ve2[
4 From now on the explicit dependence on X can be understood[
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p"U
\ u³# � s
p

"Kpwp ="U
gp¦e2×G?pu³#¦kpvpu³ = gp#

� U
 = s
p

"Kpwp & gp#¦u³ = s
p

"GýpKpwp¦kpvpgp# "4#

with

gp � "B−A#

G?p � ð"P−B# &"B−X#−"P−A# &"A−X#Ł

Gýp � "B−X# & e2×"P−B#−"A−X# & e2×"P−A#

where the sum is extended to each contact of M\ and where the symbol {
G

| stands for the adjective
{virtual|[ Thence\ identifying again the actual strains through the eqns "3#

p"U
\ u³# �U
 =s
p

ðKp"Ugp¦e2×G?pu# & gpŁ¦u³ =s
p

ðGýpKp"Ugp¦e2×G?pu#¦kp"gp & gp#uŁ[ "5#

Finally\ it can be shown that p takes the form

p"U
\ u³# � U
 ="AU¦Bu#¦u³ ="CU¦Du#\ "6#

where the constitutive tensors5 A M Lin : Lin\ B M V : Lin\ C M Lin : V\ D] � V : V
have components depending on the components of the elastic tensors Kp\ on the rotational elasticity
constant kp and on the components of the fabric vectors and tensors gp\ G?p and Gýp of the module[
The expressions of these components can be found in Appendix A[

2[ Identi_cation of the equivalent continuum

To derive the constitutive relationships of the macroscopic model we suppose that the virtual
power of the internal actions of the module "6# is equal to the virtual stress power spent over a
neighborhood of the continuum which occupies the same region as the module[6 In order to
uniquely identify the terms of the power it is now clear that the equivalent continuum must admit
the _elds U"X# and u"X# as strain measures[ It can be observed that\ in the framework of a linear
theory\ such a continuum is of the Cosserat type\ with the velocity _eld w"X# and the additional
_eld of the angular velocity "microspin# v"X#[ Denoted S"X# the tensor _eld of the stress and s"X#
vector _eld of the couple stress\ we then have

5 Lin is the set of the linear transformation of the vector space V on itself[
6 This approach is consistent with the energy approach often employed in the above mentioned continuum models

based on periodical latices[ In the molecular theory the point of view is reversed ] the lattice and its strain measures are
de_ned in order to obtain the expected macroscopic model[
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p"U
\ u³# � gM

"U
 = S¦u³ = s# dA\ "7#

from which\ resorting to the localization at X\ it follows the approximate equivalence

0
A

p"U
\ u³# � U
 "X# = S"X#¦u³ "X# = s"X#\ "8#

where A is the area of M[ Thence\ using the expression "6#\ we derive the explicit constitutive
functions for the continuum contact actions

S �
0
A

"AU¦Bu#\ s �
0
A

"CU¦Du#[ "09#

Whatever the strain measures of the _ne model\ approximated by series of smooth terms\ are\
the power equivalence requires a continuum with the proper strain _elds[7 Otherwise\ speci_c
constitutive prescriptions must be introduced in the discrete model[ For example it is easy to verify
that a Cauchy material cannot meet all the requirements of the discrete system described above[
The equivalence in terms of density power8

0
A

p"U
\ u³# � sym U
 "X# = S"X# "00#

gives the stress tensor S � sym"AU¦Bu# if skw U
 � 9 and u³ � 9\ that is when the microspin
equals the macrospin

v³ e0 g e1 � skw grad w³ \ "01#

or if

skw"AU¦Bu# � 9\ CU¦Du � 9\ "02#

When the second of the above equations is veri_ed\ the _rst one represents the balance of angular
momentum with zero mass couples[ In terms of components it can be written09

ð"A#0100−"A#1000Ł"sym U#00¦ð"A#0111−"A#1011Ł"sym U#11

¦ð"A#0101−"A#1010¦"A#0110−"A#1001Ł"sym U#01

−ð"A#0101¦"A#1010−"A#0110−"A#1001Ł"u−v# � 9\ "03#

with u � 0
1
"curl w# = e2[

The positions "01# and "02# demand the following restrictions on the original discrete system[
Having the internal constraint "01#\ the velocities that the assembly may undergo must be

7 Another way to derive continua having the same power of lattices is shown in "Dawson\ 0884# where the kinematical
correspondence is obtained by discretizing the continuum displacement _elds[

8 The operators sym and skw give respectively the symmetric and the skewsymmetric part of a second order tensor[
09 We use the parentheses to represent vectors and tensors in terms of components[
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wa � w"X#¦grad w"X#"A−X#

va � u"X#\ "04#

and the ordinary stress tensor can be identi_ed[ With the constitutive prescriptions "02# it has
"A#ijhk �"A#jihk\ "B#ijh �"B#jih\ D � 9\ and then\ if we consider hyperelastic materials having the
major symmetries\ it has

"A#ijhk �"A#hkij �"A# jihk\ "B#ijh �"C#hij � 9\ D � 9[ "05#

If the geometrical and the mechanical features are such that the above constraints are satis_ed\ we
can identify a continuum which spends zero power with any skw grad w and with any u[ It can be
noticed "see Section 3[0# that two!dimensional periodical assemblies are centrosymmetric materials
with B � 9 and C � 9[ Moreover\ if the particles are very small with respect to the dimension of
the body we have D � 9 "Masiani and Trovalusci\ 0885#[ However\ if we consider modules having
joints between blocks with the same speci_c material constants\ the term "A#0110 is always zero and
the _rst constraint in "05# cannot be satis_ed by a positive de_nite constitutive tensor[ It follows
that a symmetric stress tensor can be obtained when the two shear moduli "A#0101 and "A#1010

coincide and when the kinematical constraint "01# is satis_ed[00 Therefore\ the equivalent classical
continuum can be identi_ed if the mutual rotations of the blocks are not considered[

3[ Symmetric transformations of discrete and continuum model

To de_ne the symmetry transformations of a lattice system\ the mechanical properties of the
links as well as the geometry of the assembly must be taken into account[ We consider as symmetry
transformation an orthogonal transformation Q of the reference con_guration of the module
which leaves unchanged the power of the interactions in M01

s
p

"Kpwp = wp¦kpv
1
p # � s

p

"QTKpQw½ p = w½ p = kpv½
1
p # "06#

with

w½ p � wb−wa¦e2×ðvbQT"P−B#−vaQT"P−A#Ł[ "07#

It is worth pointing out that the symmetry properties of a material are characterized by the
response of the body to the admissible deformations[ Hence\ the material symmetry group G can
be de_ned when the class of these deformations has been selected[ As we have de_ned the admissible

00 This result has already been noticed for the particular case of diagonal constitutive tensors "Masiani and Trovalusci\
0885#[

01 The concept of symmetry group is related to an overall response parameter*the mechanical power*of the module[
This is consistent with the Noll|s de_nition of the isotropy group of simple solid materials "Noll\ 0847#[
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velocity _elds for the lattice through eqns "2#\ the de_nition of G must be referred to the virtual
power p"U
\ u³#[02

An orthogonal transformation Q acts on the constitutive and the geometric tensors and vectors
in such a way that

w½ p � UQTgp¦e2×"QTG?Q#u

v½ p � u = QTgp\ "08#

and the virtual power of the contact actions of the rotated material becomes

p½ "U
\ u³# � s
p

"QTKpQw½ p = ðU
QTgp¦QTe2×"G?pQu³#Ł¦kpv½ pQu³ = gp# "19#

Alternatively\ considering a change of frame that leaves p½ invariant\ we can write

p½ "U
\ u³# � s
p

"KpQw½ p = ðQU
QTgp¦e2×G?pQu³Ł¦kpv½ pQu³ = gp#

� QU
QT = s
p

ðKpQw½ p & gpŁ¦Qu³ = s
p

ðGýpKpQw½ p¦kpv½ pgpŁ

� QU
QT = s
p

ðKp"QUQTgp¦e2×G?pQu# & gpŁ

¦Qu³ = s
p

"GýpKp"QUQTgp¦G?pQu#¦kp"gp & gp#Qu#

� p"Q ( U
\ Q ( u³#[

As in the case of eqn "5# it follows03

p"Q ( U
\ Q ( u³# � QU
QT ="AQUQT¦BQu#¦Qu³ ="CQUQT¦DQu#[ "10#

Finally\ by equating the virtual power of the interactions before\ "6#\ and after\ "10#\ the action of
Q\ the condition of invariance of material symmetries is obtained[ Considering that Q preserves
the inner product this condition can be written

QU
QT = Q"AU¦Bu#QT¦Qu³ = Q"CU¦Du#

� QU
QT ="AQUQT¦BQu#¦Qu³ ="CQUQT¦DQu#[ "11#

02 On the other hand\ we could consider eqns "2# an internal constraint of the discrete material and de_ne the material
symmetry group in such a way that the domain of the power p"wp\ vp# were a subspace whose elements admit the
representation "3#[ Thus\ we resort to the concept of local symmetry speci_ed in "Fosdick and Hertog\ 0889#[

03 The symbol {(| represents the action of an orthogonal transformation Q on an element of a vector space[ In terms
of components "Q ( T#ij[[[m �"T#ab[[[n"Q#ia"Q#jb[[["Q#mn[
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The set of the orthogonal transformations of the two!dimensional space that verify eqn "11# forms
the symmetry group of the discrete material04

G � "Q $ O"1# ="Q ("AU# � A"Q ( U#\ [U $ Lin# + "Q ("Bu# � B"Q ( u#\ [u $ V#

+ "Q ("CU# � C"Q ( U#\ [U $ Lin# + "Q ("Du# � D"Q ( u#\ [u $ V##[ "12#

As identifying all the terms of the density stress power the constitutive relations "09# are derived\
it follows that the set "12# also de_nes the material symmetry group of the micropolar equivalent
continuum[ Consequently\ the symmetry group of the Cauchy continuum equivalent to a discrete
assembly of particles which cannot rotate independently of one another\ Gc � "Q $ O"1# = Q ( sy!
m"AU# � sym A"Q ( U#\ [U $ Sym#\05 is wider than that of the structured discrete assembly
described above[06

3[0[ Classi_cation of the equivalent material

By de_ning the elastic constants and the geometry of the discrete system\ the power equivalence
procedure provides a simple way to identify all the constitutive parameters of the continuum
medium[ The number of independent parameters to be identi_ed depends on the symmetry class
of the material[ Employing the de_nition "12# the problem of classi_cation of the equivalent
micropolar material can be undertaken[

If the constitutive tensor Kp of the joints is symmetric\ we identify an hyperelastic material
having the major symmetries[ That is\ said A\ B\ a\ b elements of a vector spaces\ AA = B � A = AB ^
Ba =A � a = CA ^ Da =b � a = Db[ It follows that an anisotropic medium with micropolar structure
has\ in the two!dimensional case\ twenty!one independent elasticities[

In order to classify the response of the structured continuum within the ordinary material
symmetry class\ we analyse the e}ect of some _nite subgroups of O"1# on the components of its
constitutive tensors[07 Note that in classical elasticity\ being the constitutive tensor an even order
tensor\ the material symmetry groups contain both the identity transformation I and the inverse
transformation −I[ Hence\ a group containing a proper orthogonal transformation Q also contains
the corresponding improper transformation −Q and it su.ces to consider only the subgroups of
SO"1#[08 If a constitutive tensor is of odd order\ like B and C\ we have −I ( Ba � B"−I ( a#[ Then\
if Q belongs to the symmetry group\ this does not mean that −Q also belongs to this group[
Therefore\ the full group O"1# must be considered[

Dealing with macroscopic models based on lattice systems\ we thought natural to consider only

04 Being the material here treated simple solids\ the symmetry group is a subgroup of the full orthogonal group in two
dimensions O"1#[

05 Sym is the subset of the symmetric transformations of Lin[
06 As the microstructure is the orientation of the particles\ G and Gc are the material symmetry group in the micro and

in the macro domain respectively[ See "Ilcewicz et al[\ 0854#[
07 Recently\ Xiao "0884# has systematized the characteristic representations of constitutive tensors in terms of invariant

quantities for each crystallographic class in classical and in micropolar elasticity[
08 SO"1# is the group of the proper orthogonal transformations of the two!dimensional space[
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Table 0
Constitutive prescriptions due to the action of the considered groups

D3\ Orthotetragonal

D1\ Orthotropic

Z1\ Centrosymmetric

B � 9 "A#0001 � 9 "A#0000 �"A#1111

C � 9 "A#0010 � 9 "A#0101 �"A#1010

"A#1101 � 9 "D#00 �"D#11

"A#1110 � 9
"D#01 � 9

the _nite subgroups of O"1# that are symmetry groups of congruent polygons[19 We consider the
cyclic group of order two Z1\ the dihedral group of order four D1\ and the dihedral group of order
eight D3\ with Z1 $ D1 $ D3 de_ned in Appendix B[ These subgroups correspond respectively to the
symmetry groups of a parallelogram\ a rectangle and a square[ The action of these groups on the
elastic tensors of a material de_nes the more usual class of anisotropy of material bodies[

The constitutive prescriptions that the action of the three groups implies on the elastic tensors
of the structured material are summarized in Table 0[

The material whose response is invariant under Z1 belongs to the class of the centrosymmetric
materials[ In this case the number of the independent elastic constants becomes thirteen[ It can be
observed that for periodic lattices the module occupies a {fundamental region| whose translation
must cover completely the space[ Therefore it must have the particles and the mechanical properties
of the links distributed according to the central symmetry[ Consequently\ the response of a material
equivalent to periodic assemblies does not change under the action of Z1[ A material with symmetry
group D1 is an orthotropic material with eight independent elasticities[ Finally\ the material with
symmetry group D3 belongs to the class of orthotetragonal materials and the independent elas!
ticities are _ve[

4[ Block masonry[ Some numerical results

To explain the consequences of the change in the material symmetries on the response of the
body we analyse\ as sample problem\ the behaviour of masonry!like systems[ Masonry walls are
constituted of bricks or blocks arranged in various regular dispositions[ As noticed above\ a system
of rigid elements arranged according to a periodical texture belongs at least to the class of
centrosymmetric materials[ By varying the disposition of the blocks according to the ordinary

19 The isometries of a _gure of the Euclidean space form the group of symmetries of the _gure[
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Fig[ 1[ Examples of walls made of di}erent block textures[ The masonries "a#\ "b# and "c# are orthotropic ^ "d# and "e#
are centrosymmetric ^ " f# is orthotetragonal[

masonry textures "Fig[ 1#\ we obtain centrosymmetric\ orthotropic and orthotetragonal materials[
The response of the equivalent Cosserat material is then invariant respectively under the action of
the groups Z1\ D1 and D3 considered in the previous section[

In earlier attempts the e}ectiveness of the described identi_cation procedure with reference to
block masonry systems has been tested "Masiani and Trovalusci\ 0885 ^ Masiani and Trovalusci\
0884#[ In particular some analyses have been performed on walls modeled as discrete systems\ as
Cosserat as well as Cauchy equivalent continuum[ This comparison showed that the micropolar
model is preferable because the strain and the stress tensors are unsymmetric and because it
accounts for the blocks relative rotations and the size e}ects[

Here a further distinctive feature of the micropolar continuum with respect to the classical one
is pointed out ^ that is the retention of the material symmetries of the discrete model[ The sample
analysed is a 799×799 panel subjected to a pair of contact forces acting along the diagonal[ Two
di}erent block textures are considered\ of the kind "a# and "d# in Fig[ 1[ The blocks have dimensions
19×79[ The elastic tensor for the joint in the discrete model is assumed to be10

"Kp# � 0
14 = 092 9

9 4 = 0921
while the constant kp is computed from the width of the joint b as ] kp �"Kp#00"b:1#1[ Firstly\ the
two discrete problems have been solved by modelling the bricks with nodes related by rigid
constraint equations[ The results are compared to those of the Cosserat and the Cauchy equivalent

10 In a local frame\ with e0 normal to the joint surface[
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Fig[ 2[ Sample problem with texture "a#\ top\ and "d#\ bottom[ Discrete material ] contour lines of the vertical displacement
and the rotation of the blocks\ and of the term corresponding to the strain "U#01[

continuum\ derived as in "Masiani and Trovalusci\ 0885# using a _nite elements procedure[ A
membrane element with in!plane rotation has been performed to solve the Cosserat problem[ The
elasticities of the equivalent continua are evaluated using the expression in Appendix A and are
listed in Table 1[ The 0!axis is assumed to be horizontal\ parallel to the bed joints[ Note\ in the
Cosserat materials\ the considerable di}erence between the terms A0101 and A1010 relative to the
shear stresses tangential and normal to the bed joints[

Figures 2Ð4 show the contour lines of some components of the solution\ respectively for the
discrete\ the Cosserat and the Cauchy models[ The micropolar solution agrees very well with the
discrete one[ Besides\ the response of the discrete and of the micropolar continuum\ cen!
trosymmetric in the _rst case and orthotropic in the second one\ appears strongly in~uenced by
the arrangement of the blocks\ while the response of the classical continuum\ which in both cases
is an orthotropic material\ does not vary considerably[
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Fig[ 3[ Sample problem with texture "a#\ top\ and "d#\ bottom[ Cosserat material ] contour lines of the vertical displace!
ment\ the microrotation and one of the shearing strains[

5[ Conclusions

While the usefulness of continuum modelling of discrete systems is evident\ its e}ectiveness is
in~uenced by the nature of the macroscopic model adopted[ The kinematical and dynamical
descriptors of a Cauchy continuum are often not su.cient and models with more _elds of strain
and stress must be adopted[ To choose the continuum model we assume that the mechanical
powers of the two models coincide for any corresponding motions[ In this situation the material
symmetries in the transition from the microscopic to the macroscopic description are preserved[
The e}ect of the correspondence between the symmetry groups is exempli_ed by a masonry wall
made of blocks with di}erent textures[
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Fig[ 4[ Sample problem with texture "a#\ top\ and "d#\ bottom[ Cauchy material ] contour lines of the vertical displacement\
the local rigid rotation and the shearing strain[

Table 1
Continuum model elasticities

Cosserat elasticities Cauchy elasticities

Texture "a# Texture "d# Texture "a# Texture "d#

"A#0000 019 = 092 004 = 092 019[9 = 092 004 = 092

"A#1111 14 = 092 14 = 092 14[9 = 092 14 = 092

"A#0101 4 = 092 4 = 092 51[4 = 092 49 = 092

"A#1010 019 = 092 84 = 092 51[4 = 092 49 = 092

"D#00 499 = 094 214 = 094

"D#11 099 = 094 064 = 094

"D#01 9 −049 = 094
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Appendix A[ Constitutive parameters

The stressÐstrain relationships "09# in terms of components are11

"S#ij �
0
A

ð"A#ijhk"U#hk¦"B#ijh"u#hŁ\ "s#i �
0
A

ð"C#ijh"U# jh¦"D#ij"u# jŁ[ "13#

We consider hyperelastic materials for which the following symmetries hold ] "A#ijhk �"A#hkij ^
"B#ijh �"C#hij ^ "D#ij �"D#ji[ Moreover\ we consider centrosymmetric lattices with the tensors B and
C zero[ The explicit expressions for the independent components of the elasticity tensors A and D

are

"A#0000 �
0
A

s
p

"Kp#00"B−A#1
0 "A#1111 �

0
A

s
p

"Kp#11"B−A#1
1

"A#0001 �
0
A

s
p

"Kp#00"B−A#0"B−A#1 "A#0010 �
0
A

s
p

"Kp#01"B−A#1
0

"A#0011 �
0
A

s
p

"Kp#01"B−A#0"B−A#1 "A#1101 �
0
A

s
p

"Kp#10"B−A#1
1
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0
A
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p

"Kp#11"B−A#0"B−A#1 "A#0101 �
0
A

s
p

"Kp#00"B−A#1
1

"A#0110 �
0
A
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p
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0
A

s
p

"Kp#11"B−A#1
0

"D#00 �
0
A

s
p

""Kp#00 ð"B−X#1
0"P−B#1

1¦"A−X#1
0"P−A#1

1

−1"B−X#0"A−X#0"P−B#1"P−A#1Ł

¦"Kp#01 ð−"B−X#1
0"P−B#0"P−B#1−"A−X#1

0"P−A#0"P−A#1
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11 Let "en# "n � 0\ 3# be an orthonormal base\ the components of a tensor are Tijhk � T = ei & ej & eh & ek[
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Appendix B[ Finite subgroups of O"1#

A group can be de_ned by the generators and their relations of de_nition[ With these relations\
the possible compositions of generators can be parted in classes of equivalence represented by the
elements of the group[ Our attention is focused on the _nite subgroup of the orthogonal group
O"1# in the two!dimensional space[ A _nite subgroup of O"1# is either a cyclic group of order n\
Zn\ associated to the rotations of a regular polygon of n sides\ or a dihedral group of order 1n\
Dn\ associated both to the rotations and to the re~ections of a regular n!gon[ "e[g[ Grove and
Benson\ 0874#[ In particular\ the elements of Zn are successive applications of the rotation R

through an angle of amplitude f"R# � 1p:n[ The relation of de_nition of this group is Rn � I\ and
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the n elements of the group are the identity transformation I and the rotations R\ [ [ [ \ Rn−0[ The
dihedral groups have two generators which can be a rotation R and a re~ection F[12 The relations
of de_nition for Dn are Rn � I\ F 1 � I\ "FR#1 � I\ and the list of its elements is I\ R\ [ [ [ \ Rn−0\ F\
FR\ [ [ [ \ FRn−0[

The generators of the subgroups considered in this paper are selected as follows[
The group Z1 is generated by the rotation R2"p# through the angle p about the out!of!plane axis

e2\ which in two dimensions coincides with the central inversion\ −I[
The group D1 is also called four!group since it also corresponds to the group of the geometrical

symmetries of the rectangle[ As generators we select the rotation R2"p# and the re~ection with
respect to the axis e1\ F0 � I−1"e0 & e0#[

Finally\ the group D3 is associated to the geometrical symmetries of the square[ Its eight elements
are generated by the rotation R2"p:1# � e0 & e1−e1 & e0 and by the re~ection F0[
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